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Abstract
Solutions to the Thirring model are constructed in the framework of algebraic quantum
eld theory. It is shown that for all positive temperatures there are fermionic solutions
only if the coupling constant is  =
q
2(2n+ 1); n 2 N, otherwise solutions are anyons.
Dierent anyons (which are uncountably many) live in orthogonal spaces, so the whole
Hilbert space becomes non-separable and in each of its sectors a dierent Urgleichung
holds. This feature certainly cannot be seen by any power expansion in . Moreover, if
the statistic parameter is tied to the coupling constant it is clear that such an expansion
is doomed to failure and will never reveal the true structure of the theory.
On the basis of the model in question, it is not possible to decide whether fermions
or bosons are more fundamental since dressed fermions can be constructed either from
bare fermions or directly from the current algebra.
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After T.D. Lee had constructed a model of a soluble QFT [1] many people tried to nd
other examples; but to solve a nontrivial relativistic QFT seemed out of the question.
The idea that Bethe's ansatz [2] could be successfully used to solve also Heisenberg's \Ur-
gleichung" [3] reduced to one space one time dimension then led to a soluble relativistic
eld theory { the Thirring model [4]. During the years, this model has not only been
extensively studied but has also been actively used for analysis, testing and illustration
of various phenomena in two{dimensional eld theories.
It is not our purpose to review the enormous literature on the subject but we rather
focus on the very starting point { Heisenberg's Urgleichung. With no bosons present in
it at all, it represents the ultimate version of the opinion that fermions should enter the
basic formalism of the fundamental theory of elementary particles that is usually taken
for granted.
The opposite point of view, namely that a theory including only observable elds,
necessarily uncharged bosons, is capable of describing evolution and symmetries of a
physical system, being the kernel of algebraic approach to QFT [5], also enjoys an enthu-
siastic support. As we will see, there is no possibility to judge this matter on the basis of
the model in question, since both formulations can be equally well used to construct the
physically relevant objects { the dressed fermions.
In any case, before claiming that an \Urgleichung" of the type
6@ (x) =  (x)

 (x) (x) (1.1)
determines the whole Universe one should see whether it determines anything mathe-
matically and it is our aim in the present note to discuss the elements needed to make
its solution well dened. In fact we shall rst consider only one chiral component and we
shall restrict ourselves to the two{dimensional spacetime, so that this component depends
only on one light cone coordinate. Also the bose{fermi duality takes place there and we
want to make use of it. This phenomenon amounts to the fact that in certain models
formal functions of fermi elds can be written that have vacuum expectation values and
statistics of bosons and vice versa, the equivalence being understood within perturbation
theory.
The bose{fermi duality is actually well established when the construction of bosons
out of fermions is considered. The problem of rigorous denitions of operator{valued
distributions and eventually operators having the basic properties of fermions by taking
functions of bosonic elds is rather more delicate. On the level of operator valued distri-
butions solutions have been given by Dell'Antonio et al.[6] and Mandelstam [7] and on
the level of operators in a Hilbert space | by Carey and collaborators [8, 9] and in a
Krein space by Acerbi, Morchio and Strocchi [10].



















 (x) = j(x) (x) Urgleichung




Eq.(1.2b) involves (derivatives of) objects which are according to (1.2a) rather discon-
tinuous. Therefore it is expedient to pass right away to the level of operators in Hilbert
space since the variety of topologies there provides a better control over the limiting
procedures. In general norm convergence can hardly be hoped for but we have to strive
at least for strong convergence such that the limit of the product is the product of the














= hf jgi (1.3)
for f 2 L
2
(R) and h:j:i the scalar product in L
2
(R). This shows that  
f
's are bounded
and form the C

{algebra CAR. There the translations x! x+ t give an automorphism

t
and we shall use the corresponding KMS{states !

and the associated representation


to extend CAR. Though there j =1, one can give a meaning to j as a strong limit
in H






















(x))) ; f : R! R





















the current algebra A
c






To construct the interacting fermions which on the level of distributions look like


















(with some renormalization constant Z) poses both infrared (R ! 1) and ultraviolet




is needed to accomodate such a kind of
objects.
There are two equivalent ways of handling the infrared problem. Since the automor-
phism generated by the unitaries 	
";R
(x) converges to a limit  for R ! 1, one can











there are unitaries with
the properties which the limit should have [11, 12]. On the other hand, the symplectic
form in (1.4) and the state !

can be dened for the limiting element 	
"
(x) and this we
















dierent n are orthogonal and thus may be called n{fold charged sectors. The 	
"
(x)'s




j > 2" they obey anyon statistics with parameter 
2
and an Urgleichung (1.2b) where j(x) is averaged over a region of lenght " below x.








becomes non{separable. To get





















and satisfy (1.2b) in sense of distributions.
However, the objects so constructed are in general anyons and only for particular
values of the coupling constant,  =
q
2(2n+ 1); n 2 N, they are fermions, so that the
coupling constant is tied to the statistic parameter. Thus we nd that there is indeed
some magic about the Urgleichung inasmuch as on the quantum level it allows fermionic
solutions by this construction only for isolated values of the coupling constant  whereas










solves (1.2b) for any . This feature can certainly not
be seen by any power expansion in .
By a symmetry  of a physical system an automorphism of the algebra A which
describes it is understood. The algebraic chain of inclusions we construct gives an example
of a symmetry destruction, that is, for a given extension B of the algebra A , B  A,
6 9 2 Aut B : j
A
=  for some  2 Aut A. This phenomenon is related to the
spontaneous collapse of a symmetry [13] and in contrast to the spontaneous symmetry
breaking [14], it cannot occur in a nite{dimensional Hilbert space.
2 Bosons out of fermions: the CAR-algebra, its
KMS-states and associated v. Neumann algebras
Let us consider the C*-algebra A
l



































so, describing the left movers (we have asigned a superscriped to the relevant quantities,
x stands for x  t) and f 2 L
2


























(x) = f(x  t): (2.4)
4A
l
inherits the norm from L
2
(R) such that 
t
is (pointwise) normcontinuous in t and
even normdierentiable for the dense set of f 's for which
lim
#0

































































)  n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are associated a representation 


















. It contains the current algebra A
l
c
which gives the formal expression j(x) =  

(x) (x) a precise meaning.
To show this, let us recall two lemmas (for the proofs see [12]) which make the whole
construction transparent:
Lemma (2.7)




! C is as operator  0 and trace class (K(k; k) 2 L
1
(R)),




















































dk K(k; k) for M ! +1
0 for M !  1











i may nevertheless tend


























f decreasing faster than an exponential and being the Fourier transform of a positive






) is a strong Cauchy sequence ! 0 for M !1






















f(0) and f(x)  0 is not a serious restriction since
any function is a linear combination of positive functions.
4. Since the limit j
f
is unbounded the convergence is not on all of H

, however since










, the dense domain is invariant under j
f
. Thus
we have strong resolvent convergence which means that bounded functions of B
M
converge strongly. Also the commutator of the limit is the limit of the commutators.
Thus we conclude that the limit exists and is selfadjoint on a suitable domain. We






















Next we show that the currents so dened satisfy the CCR with a suitable symplectic




























Proof: For the distributions
e




























































 (k)(M   jkj)(M   jp+ p
0
+ kj)
 [(M   jp
0
+ kj)  (M   jp+ kj)] :
For xed p and p
0
and M ! 1 we see that the allowed region for k is contained in
(M   jpj   jp
0
j;M) and ( M; M + jpj+ jp
0
j). Upon k ! kM we are in the situation




































1. Since the j
f
's satisfy the CCR they cannot be bounded and it is better to write























2. The currents j
f


















3. The state !

























































4. A physically important symmetry of the algebra A
l
, the parity P ,






; P f(x) = f( x)























5. The extended shift automorphism 
t
is not only strongly continuous but for suitable









































































6. The symplectic structure is formally independent on  [18], however for  < 0 it
changes its sign,  !  , and for  = 0 (the tracial state) it becomes zero.
7Thus starting from a CAR-algebra A
l






bosonic elds { the
currents, which satisfy CCR's. The crucial ingredient needed was the appropriately chosen
state. Here we have used the KMS{state (which is unique for the CAR algebra). Another
possibility would be to introduce the Dirac vacuum (lling all negative energy levels in
the Dirac sea). This is what has been done in the thirties [15, 19], in order to achieve
stability for a fermion system, and recovered later by Mattis and Lieb [20] in the context
of the Luttinger model. Thus as an additional eect the appearance of an anomalous
term in the current commutator (later called Schwinger term) had been discovered that
actually enables bosonization of these two{dimensional models.
3 Extensions of A
c




was dened for j
f
's with f 2 C
1
0
, for instance. The algebraic structure is
determined by the symplectic form (f; g) (2.11) which is actually well dened also for



























. The anticommuting operators we are
looking for are of the form e
ij
f




. Still one can give (f; g) a
meaning for such an f . However, the corresponding state !

exhibits singular behaviour




















and thus such an operator would act in H

as zero. Therefore an approximation of  by
functions from H
1
would result in unitaries that converge weakly to zero.

























1 for x   "
 x=" for   "  x  0
0 for x  0




















































































































































































The divergence of k
;"
k is related to the well{known infrared problem of the massless
scalar eld in (1+1) dimensions and various remedies have been proposed [21]. We take

























and keep  and !

as before. Equivalently we take the
automorphism  generated by U






































i = 0 (3:2)
means that U






















































































for 0  t  "
: (3:3)








and get from (3.3) with






1 for t > 0
0 for t = 0

































8 jtj > ":
Remark (3.5)
We note a striking dierence between the general case of anyon statistics and the two
particular cases | Bose ( = 2  2n) or Fermi ( = 2(2n+ 1)) statistics. Only in the
latter two cases parity P (2.12:4) is an automorphism of the extended algebra generated
through U

. Thus P which was destroyed in A
l
c
is now recovered for two subalgebras.












i = 0 8 n 6= m; f 2 H
1
:








i = 0;  6= 
0
,
thus if we adjoin U








Next we want to get rid of the ultraviolet cut{o and let " go to zero. Proceeding the
same way we can extend  and 
t
































gives a sector where one of these particles (fermions, bosons or anyons) is at the








i 8 t 6= 0. Thus the total Hilbert space is not
separable and the shift 
t










So far, only one chiral component has been considered. When both chiralities are
present, no signicant changes arise in the construction described. The only point de-
manding for some care is the anticommutativity between left- and right- moving fermions,
which asks for an even larger extension of the current algebra by extending its test{
functions space.







































). The minimal extension of A
c
is





















= (2k + 1); k 2 Z (e.g. c
r
= =2 =  c
l
)














































and axial gauge transformations can easily be traced back.








































































































Propositon (3.4) extends also for the non{chiral model generalization. As expected,
admitting arbitrary values for , we get a very rich eld structure where denite statistic
behaviour is preserved only within a given eld class (xed value of ), so that even
\dierent" fermions (with dierent \2 x odd" values of ) do not anticommute but
instead follow the general fractional statistics law.








Next we shall use another ultraviolet limit to construct local elds which obey some
































will only be operator valued distributions and have to be smeared to give operators.
Furthermore in this limit the unitaries we used so far have to be renormalized so that
(x x
0












































































































































Note that for jx  x
0
j  " the argument of the cos becomes =2, so the {commutator
vanishes, in agreement with (3.4). To manufacture a -function for jx   x
0
j  " we note


































and to verify that for " # 0 [ ]

converges strongly to a c-number. For the latter to be
nite we have to smear 	(x) with L
2


































































































































































this converges to zero for " ! 0 by Riemann-









converges strongly to zero and
that the 	
";g





converges strongly for "! 0 to an operator 	
g








































the local gauge transformation g(x)! e
2if(x)




























To conclude we investigate the status of the \Urgleichung" in our construction. It is
clear that the product of operator valued distributions on the r.h.s. can assume a meaning


























































one can verify that the limit " # 0 exists for the
expectation value with a total set of vectors and thus gives densely dened (not closable)
quadratic forms. They do not lead to operators but we know from (2.7) that they dene
operator valued distributions for test functions from H
1
. Thus one could say that in the












The remarkable point is that the coupling constant  in (1.1) is related to the statistics
parameter . For fermions one has a solution only for  =
p
2. Of course one could for
any  enforce fermi statistics by renormalizing the bare fermion eld  !
p
Z  , j ! Zj









, for all  2 R
+
. Then one gets in H
!
uncountably many
orthogonal sectors, one for each , and in each sector a dierent Urgleichung holds.






is not even weakly
continuous in . If  is tied to  it is clear that an expansion in  is doomed to failure
and will never reveal the true structure of the theory.
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5 Internal symmetries








(x  y); i = 1; 2; :::; N
The CAR{algebra so dened posesses an obvious U(N) symmetry
  ! U  ; U 2 U(N)
In analogy with the previous case we construct quadratic forms j
k




























(x)dx; f 2 H
1
.

















The current algebra (5.1) has a (global) O(N) symmetry,
j !Mj = j
0
; M 2 O(N) (5.2)
Genuine anticommuting elds can now be identied in an extension of the current
algebra quite similar to the one for the non{chiral one{avour case. More precisely, we









































= (2l + 1); l 2 Z; 8k; n (5.3)



























which would then lead (after an appropriate renormalisation) to the desired CAR's.
How should one consider the element, obtained through the same ansatz, but after a
















































, is no longer an automorphism of the latter.
We are faced with the similar situation also for the U{invariance we mentioned at the





























































In the local case this still remains an automorphism of the extended algebra, which
is in agreement with the very idea of the construction presented, while for a global
transformation this is no longer the case, so for this fermion construction there is no
global U(1) symmetry present.
However, on the passage from the CAR{algebra A to the current algebra A
c
con-



























=  for some  2 Aut A
c
. This phenomenon we call
symmetry destruction. It is related to the spontaneous collapse of a symmetry, discussed
by Buchholz and Ojima in the context of supersymmetry [13] and is seen to be a eld
eect since in contrast to the spontaneous symmetry breaking [14], it cannot occur in a
nite{dimensional Hilbert space.
6 Concluding remarks
To summarize we gave a precise meaning to eq.(1.2a,b,c) by starting with bare fermions,
A = CAR(R). The shift 
t









one nds bosonic modes A
c
with an algebraic
structure independent on . Taking the crossed product with an outer automorphism of
A
c
or equivalently augmenting A
c










anyonic modes which satisfy the Urgleichung in a distributional sense. For special values



















 CAR(dressed) one concludes that in our
model it cannot be decided whether fermions or bosons are more fundamental. One can
construct the dressed fermions either from bare fermions or directly from the current
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